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Abstract
Models for deep bed filtration in the injection of seawater with solid inclusions
depend on an empirical filtration function that represents the rate of particle
retention. This function must be calculated indirectly from experimental
measurements of other quantities. The practical petroleum engineering purpose
is to predict injectivity loss in the porous rock around wells. In this work,
we determine the filtration function from the effluent particle concentration
history measured in laboratory tests knowing the inlet particle concentration.
The recovery procedure is based on solving a functional equation derived from
the model equations. Well-posedness of the numerical procedure is discussed.
Numerical results are shown.

1. Introduction
Most of the oil in the world is produced by injecting water in some wells and recovering oil
in other wells. The recovered oil comes with reservoir water, which contains oil droplets
and solid particles. The produced water must be separated from the oil and discarded taking
environmental precautions. In offshore fields, produced water and seawater are injected.
However, the injection of poor quality water in a well curtails its injectivity because the
particles suspended in the fluid are trapped while passing through the porous rock. This is due
to particle retention in the pores or deep bed filtration. In this paper, we study the deep bed
0266-5611/06/010069+20$30.00 © 2006 IOP Publishing Ltd Printed in the UK
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filtration during injection of water containing solid particles, which is essential to predict the
loss of injectivity in wells.
Many laboratory studies were carried out to understand the filtration process [7, 8]. Our
work utilizes the model for deep bed filtration developed in [2] based on the fundamental work
of Hertzig et al [8], which consists of equations expressing the particle mass conservation
and the particle retention process [3, 8, 14]. They form a quasi-linear hyperbolic system of
equations containing the empirical filtration function λ(σ ), which represents the kinetics of
particle retention.
Methods for determining the filtration function from the effluent concentration history at
the core outlet ce (T ) were presented in [15, 18], for constant filtration λ. A recovery method
for the general case was presented in [4, 2], under the assumption that the injected particle
concentration is constant.
In this work, a method for obtaining the filtration function is studied relaxing the
assumption made in [4] of constant injected particle concentration. The inverse problem
consists of determining λ(σ ) from the outlet and inlet particle concentration histories ce (T )
and ci (T ). The recovery method reduces to solving a functional equation, which is derived
from an invariant along the characteristic lines. The effluent concentration history ce (T ) is
measured in laboratory experiments. Because of cake formation, ci (T ) is smaller than the
particle concentration in the fluid used in the injection experiment. This cake consists of
particles that do not succeed in penetrating the wall where fluid is injected.
The paper is organized as follows. In section 2, we present the deep bed filtration model
as a quasi-linear system of hyperbolic equations. Existence, uniqueness and continuous
dependence on the initial and boundary conditions are discussed. In section 3, the inverse
problem solved in this work is presented, transformed into a functional equation. We prove
that this equation has a unique solution that depends on the given data in a weakly continuous
way. In section 4, regularity of the numerical solution is discussed. In section 5, the numerical
results are shown. Our conclusions are summarized in section 6. Proofs of regularity of the
solution of the inverse problem and well-posedness of our numerical procedure for finding the
solutions are found in the appendix.
2. Global solution for the direct problem in one dimension
We assume that water is incompressible and that the mass density of solid particles is equal
in both suspended and entrapped states. Neglecting diffusive effects, the conservation of total
flux is given by
div û = 0,
and the particle mass balance [2, 7] can be written as
∂
(φ ĉ + σ̂ ) + ∇(ûĉ) = 0,
(2.1)
∂t
where û is the flow velocity, ĉ and σ̂ are the suspended and deposited concentrations,
respectively, and φ is the porosity of the medium. The quantity ĉ takes values in the [0, 1]
range, while σ̂ takes values in the [0, φ) range.
We are interested in one-dimensional flow along the x-direction, in a laboratory sample.
In this case, û(t) is the injection rate of the fluid, which is measured in the experiments; in
fact, it is usually kept constant.
The model [2, 8] requires a law for particle deposition rate:
∂ σ̂
ˆ
= .
∂t
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ˆ is not known from first principles: following [9, 8], we take it as
The form of 
ˆ σ̂ , û, ĉ) = λ̂(σ̂ )ûĉ.
(

(2.2)

The right-hand side of equation (2.2) means that the retention probability is proportional to
the available concentration of suspended particles. This concentration is in turn proportional
to ĉ and to the flow velocity û. Physically, equation (2.2) cannot be valid for large ĉ or σ̂ ; in
particular, it cannot take into account the release of deposited particles. The positive λ̂(σ̂ ) is
an empirical coefficient known as the filtration function, which cannot be measured directly.
Throughout the rest of the paper, we will use a non-dimensional form of the expressions
above, introducing the following change of variables:
dT
û
σ̂
x
,
=
,
c = ĉ,
σ = .
(2.3)
L
dt
φL
φ
Here, L is the length of the physical domain, so X ∈ [0, 1], and σ is the saturation of the
porous volume, so σ ∈ [0, 1] as well. This allows us to write the equation (2.1) for linear flow
in non-dimensional form as
∂
∂c
(c + σ ) +
= 0.
(2.4)
∂T
∂X
The unknowns c(X, T ) and σ (X, T ) are defined at position X and time T. The time T is in
a non-dimensional unit called pore volume or PV and takes non-negative values. Moreover,
usually c ∼
= 10−4 .
In non-dimensional form, Equation (2.2) becomes
X=

∂σ
= λ(σ )c.
∂T

(2.5)

ˆ Note that the velocity
The right-hand side of (2.5) is the non-dimensional form (σ, c) of .
û(t) has been scaled out of the equations with the change of variables (2.3). This means that
the non-dimensional equations are applicable irrespectively of the injection rate dependence
on time. Accordingly, from this point on the variable u does not occur in the equations.
2.1. Boundary and initial conditions
We assume that the solid particle concentration entering the porous medium is given, i.e.,
X=0:

c(0, T ) = ci (T ) > 0,

T > 0.

(2.6)

As initial data at T = 0, we assume that the rock contains water with no particles:
σ (X, 0) = 0

and

c(X, 0) = 0.

(2.7)

From equations (2.5) and (2.6), we obtain the following ordinary differential equation
along the line X = 0:
∂σ (0, T )
= λ(σ (0, T ))ci (T )
and
σ (0, 0) = 0.
∂T
Integrating equation (2.8) provides σ (0, T ), which is always positive and increasing.
Remark 2.1. The system (2.4)–(2.5) can be rewritten as
  
  

 
∂
c
c
1 0 ∂
−λ(σ ) 0
c
+
=
,
0 0 ∂X σ
λ(σ ) 0
σ
∂T σ

(2.8)

(2.9)

which is a quasi-linear hyperbolic system. This system has two characteristic directions (see
figure 1) (dX, dT )T = (1, 1)T and (dX, dT )T = (0, 1)T , with respective speeds 1 and 0.
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d
The notation dX
will be used to indicate differentiation along characteristic lines of speed
d
∂
∂
. Using this notation, the first expression in equation (2.9) becomes
1, i.e., dX = ∂T + ∂X
dc
= −. Thus, c decreases along these characteristic lines.
dX
According to the theory of systems of hyperbolic equations, discontinuities in the solution
may occur along the characteristic line T = X.

2.2. Solution of the direct problem
We start with the following assumptions:
Assumption 2.2. We assume that the experimental injected concentration ci is a positive
continuously differentiable function for T  0, i.e., ci (T ) is C 1 .
Assumption 2.3. The filtration function λ(σ ) is a positive C 1 function of σ in 0  σ < 1.
This assumption is somewhat stringent in practical applications because λ(σ ) may vanish for
colloidal suspensions. From physical properties of the filtration phenomena, we consider that
if λ(σ ) vanishes at some point σ 0  1, then λ(σ ) = 0 for all σ in [σ 0 , 1]. Equation (2.5)
says σ is monotone increasing in time, so if it reaches σ 0 at X = 0, T = T 0 , it becomes
constant along the characteristic line T − X = T 0 . Then, it follows from equation (2.9) that
c becomes invariant along T − X = T 0 as well and ce becomes constant if ci is constant. We
do not consider this possibility: assumption 2.3 restricts us to the case where ce is monotone
increasing.
From assumption 2.3, we can define the first integral  of 1/λ and the quantity m as
follows:
 1
 σ
dη
dη
,
m=
.
(2.10)
(σ ) =
0 λ(η)
0 λ(η)
Note that (0) = 0. Depending on the behaviour of λ(σ ) near 1, the range of  : [0, 1) →
[0, m) is either a finite or infinite interval.
Theorem 2.4. There exists a unique, well-posed weak solution in the infinite rectangle for
the system (2.4)–(2.5) with initial data (2.7) and C 1 boundary data ci . This solution vanishes
in the triangle with vertices (0, 0), (0, 1), (1, 1) in figure 1; it is C 1 in the trapezoid above the
triangle, where it is given by the unique family of solutions of the ODEs (2.8), (2.16).
Solution in the triangle. We consider the system (2.9) in the triangle {(X, T ) : 0  T 
X  1} with initial data (2.7). It follows from the method of characteristics described in
section 5, chapter 2 of [10] and section 2, chapter 5 of [6] that the only solution in the triangle
vanishes identically. This is illustrated by the two characteristic lines reaching the point (X, T )
in the triangle shown in figure 1: since σ and c vanish at the feet of characteristics, they vanish
at (X, T ).
Uniqueness of solution near the diagonal. Let us consider bounded weak solutions of
(2.4)–(2.5) defined near the line X = T (see figure 1), in the sense of [10]. Integrating
(2.5) along segments with fixed X for 0 < X  1 from T −  to T + , where  is positive and
small, we see that
0 = lim+ {σ (X, T + ) − σ (X, T − )} = lim+ σ (X, T + ) − 0.
→0

→0

(2.11)

This equation says that σ vanishes along the diagonal and it is continuous there. Performing
the same integration on (2.4) yields no new information, i.e., c(X, T ) may be nonzero on
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(X,T)

1

(X,T)

1

X

Figure 1. Characteristic lines: triangle (lower) and trapezoid (upper).

T = X, just above the trapezoid lower edge from (0, 0) to (1, 1); in other words, there is a
discontinuity in c along T = X.
Proof of uniqueness of solution in the trapezoid.
We will focus our attention on the
trapezoid {(X, T ) : 0  X  1, T  X  0}, see figure 1. Differentiating equation (2.10)
and using equation (2.5), we obtain
∂(σ )
=c
for σ ∈ [0, 1).
(2.12)
∂T
Since  is C 2 , the derivatives of (2.12) are
∂ 2 (σ )
∂ 2 (σ )
∂c
∂c
=
=
.
(2.13)
and
∂T
∂T 2
∂X
∂T ∂X
Substituting the expressions (2.12) and (2.13) into (2.4), we have


∂ 2 (σ ) ∂ 2 (σ )
∂σ
∂
d(σ )
∂σ
=
−
or
−
=−
,
(2.14)
+
2
∂T
∂T ∂X
∂T
∂T
dX
∂T
d
which is well defined for X = T . In (2.14b), dX
is again the differentiation along characteristic
d
∂
∂
lines T − X = constant, i.e. dX = ∂X + ∂T , see figure 1.
Throughout this paper, we will use this convention to refer to one of multiple similar
equations introduced in a single line, as we have just done with equations (2.14a) and (2.14b),
which are the left and right equations, respectively.
Now, we consider (2.14) in the infinite trapezoid {(X, T ) : 0  X  1, T  X  0}.
Integrating (2.14b) in T along a vertical line from the point (X, X) on the lower edge of the
trapezoid to a fixed (X, T ), we obtain


d(σ ) 
d(σ ) 
−
= σ |(X,T ) − σ |(X,X) .
(2.15)
dX (X,T )
dX (X,X)
d
Equation (2.10) implies that σ |T =X = 0, so (σ )|T =X = (0) and dX
(σ )|T =X = 0; using
these expressions and (2.10) in (2.15) we obtain (2.16a); then, using equations (2.4) and (2.5),
we obtain (2.16b)
dc
dσ
= −λ(σ )σ
and
= −λ(σ )c.
(2.16)
dX
dX
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In summary, we have proved under assumptions 2.2 and 2.3 that if (2.4)–(2.5) has a C 1
solution in the trapezoid satisfying equations (2.7) and (2.8), then this solution must satisfy
(2.16) in the trapezoid.

Proof of existence of solution in the trapezoid. Let us focus on the infinite trapezoid
{(X, T ) : 0  X  1, T  X  0}. Consider the unique C 1 solution σ (X, T ), c(X, T ) of
(2.8) and (2.16) in the trapezoid. Note that (2.15), (2.14), (2.13) and (2.12) hold, therefore
(2.4)–(2.5) hold and this is the only solution of system (2.4)–(2.7) in the trapezoid.
In summary, under assumptions 2.2 and 2.3, the system (2.4)–(2.7) has a unique solution
on the infinite rectangle. This solution has a jump in c along the front X = T . This is the
unique global weak solution of (2.4)–(2.5) under proper initial and boundary conditions and
assumption 2.3. This completes the proof of theorem 2.4.

Remark 2.5. The system of equations (2.8), (2.16) is convenient for the theory as well as
for using standard ODE procedures to solve numerically the PDE. This system is solved as
follows. First, we solve the ODE (2.8) to find σ (0, T ). Then we solve along characteristic
lines the ODE (2.16a) with data σ (0, T ) to find σ on the trapezoid. If we want to find c also,
we solve along characteristic lines the system (2.16) with data σ (0, T ) and ci (T ).
Remark 2.6. If we take the experimental data function ci (T ) to be C 2 instead of C 1 , then
the solution σ , c of the system (2.4)–(2.7) is C 2 in the trapezoid. In particular, the predicted
effluent concentration c(1, T ) is a C 2 function.
2.3. The invariant along characteristics
Except at initial times, it turns out that c is much smaller than σ . Because of this fact, Herzig
et al [8] proposed a simplified model comprising (2.5) and the following modified version of
(2.4), where ∂c/∂T in (2.4) was neglected relative to ∂σ/∂T :
∂σ
∂c
+
= 0.
(2.17)
∂T ∂X
For the model (2.5) and (2.17), under the assumption in equation (2.7a) Herzig et al in [8]
proved the following relationship between the deposited and suspended particle concentrations
along characteristic lines:
σ (X, T )
σ (0, T )
=
,
c(X, T )
c(0, T )
which is valid for T > 0, 0  X  1. However, an analogous relationship was stated in [4]
for the full model (2.4)–(2.5) based on an incomplete derivation. Because the relationship in
[4] is the basis of the method for determining λ(σ ), we provide a proof for it.
Lemma 2.7. Consider the solution of (2.4)–(2.7) under assumptions 2.2 and 2.3. Then, σ/c
is constant along characteristic lines with slope 1 emanating from the positive vertical axis.
From equations (2.16a) and (2.16b), we obtain along characteristic lines
σ
dσ
= .
dc
c
Integrating this equation along characteristic lines with slope 1, we obtain that σ/c is invariant
along such lines; hence, we have
σ (X, T )
σ (0, T − X)
=
.
c(X, T )
c(0, T − X)

(2.18)
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Figure 2. Typical normalized suspended and deposited particle concentrations before and after
breakthrough: note the discontinuity at T = X in (a).

Remark 2.8. Since along the front trajectory X = T the deposited concentration is zero,
from (2.16b), we obtain the following ordinary differential equation for c(X, X) along this
line in the trapezoid:
dc(X, X)
= −λ(0)c(X, X).
dX
Integrating (2.19) and using (2.6) at T = 0, we obtain

(2.19)

c(X, X) = ci (0) exp(−λ(0)X).

(2.20)

Since ci (0) > 0, from (2.20) we obtain that c(X, X) is positive for X > 0 in the trapezoid
and 0 below; so there is indeed a discontinuity along the characteristic X = T , as shown in
figure 2(a).

3. The recovery method
Here, we describe the recovery method for obtaining the filtration function in (2.9) from the
injected and effluent concentration of particles. See also [1, 2, 4, 11, 12]. An inverse problem
for a system similar to (2.9) was studied in [5].
3.1. Derivation of the functional equation
Here, we generalize [2, 4], where only the case of constant injected concentration ci (T ) = ci0
was considered. It is useful to introduce the notation
ci (z) > ce (z) > 0,

σi (z) = σ (0, z),

σe (z) = σ (1, z + 1),

(3.1)

where z  0 indicates dimensionless time, but shifted by 1 in the function σe and the data ce .
The subscript e indicates ‘effluent’ or X = 1, in accordance with the subscript i indicating
‘injected’ or X = 0.
Assumption 3.1. The experimental data ci , ce are C 2 functions for 0  z < ∞, satisfying
ce (z) < ci (z).
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The motivation for this assumption is that  should be positive, see remark 2.1. We need
the following:
Definition 3.2. The data ci , ce satisfying assumption 3.1 are said to conform to the model if
there is a λ(σ ) > 0 for which the solution of (2.4)–(2.7) gives rise to a function c(X, T ) such
that c(1, z + 1) = ce (z) for z  0.
We will also utilize the C 3 functions on 0  z < ∞
 z
 z
ci (s) ds,
Ce (z) ≡
ce (s) ds.
τ = Ci (z) ≡
0

(3.2)

0

From (3.1a), it follows that Ci in (3.2a) is monotone increasing and Ci (0) = 0. Thus, from
the implicit function theorem, the inverse function Ci(−1) (τ ) of Ci in (3.2a) exists and it is C 3 .
Moreover, this function is monotone increasing. We have
1
dz
=
with z(0) = 0.
z = Ci(−1) (τ )
or
dτ
ci (z)
Let us consider data that conform to the model. Relationships between the deposited
and suspended particle concentrations at the inlet and outlet points X = 0 and X = 1 can be
obtained as follows. We integrate equation (2.12) in z, use (3.2) and σi (0) = σ (0, 0) = 0,
σe (0) = σ (1, 1) = 0, i.e.,
(σi (z)) = Ci (z),

(σe (z)) = Ce (z).

(3.3)


We note that the existence of a  satisfying (3.1) and with positive first  is equivalent to data
conformance. Because of assumption 2.3, the definition (2.10) and   (σ ) = 1/λ(σ ) > 0,
there exists the function g : [0, m) → [0, 1), with g(0) = 0:
σ = g(ψ),

inverse of the function

ψ = (σ ).

(3.4)

To determine , we proceed as follows. From (3.3) and (3.4), we obtain
σi (z) = g(Ci (z)),

σe (z) = g(Ce (z))

for

z  0.

(3.5)

Replacing X by 1 and T by T + 1 in (2.18) and using (3.1) with z = T , we obtain
σ (1, T + 1)
σ (0, T )
σe (z)
σi (z)
=
or
=
.
(3.6)
c(1, T + 1)
c(0, T )
ce (z)
ci (z)
Substituting the expressions (3.5) into equation (3.6b), we obtain the following functional
equation for the function σ = g(ψ):
ce (z)
C  (z)
g(Ci (z))
or
g(Ce (z)) = e g(Ci (z))
for z  0. (3.7)
g(Ce (z)) =
ci (z)
Ci (z)
Finally, using the definition of τ in (3.2) and denoting


D(τ ) ≡ Ce Ci(−1) (τ )

and



ce Ci(−1) (τ )
θ (τ ) ≡  (−1)  ,
ci Ci (τ )

(3.8)

equation (3.7) can be rewritten as
g(D(τ )) = θ (τ )g(τ )

for

τ  0.

(3.9)

Here D and θ are known, so this is a functional equation for g that needs to be solved.
Remark 3.3.
(3.8) that

Note that D ∈ C 2 (0, r] and D(0) = 0. It follows from equations (3.2) and
ce (z)
dD(τ )
=
dτ
ci (z)

for

τ = Ci (z).

(3.10)
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Integrating this along a characteristic from (X, T ) = (0, z) to (1, z + 1), we see from (2.16b)
that
  1

λ(σ (z, z + s)) ds .
(3.11)
ce (z)/ci (z) = exp −
0

Let us consider data satisfying assumption 3.1. From equations (3.8b) and (3.11), it follows
that θ (τ ) < 1. We also conclude that dTd D(T ) < 1, since the average value of λ(σ ) is positive
along the characteristic line, so D : [0, r] → [0, r) satisfies D(τ ) < τ .
3.2. Derivation of an iterative formula for the functional equation
We present an algorithm or formula for finding g in (3.9): to compute g(τ0 ) for any 0 < τ0 < r,
we define the two infinite sequences
τ1 = D(τ0 ),

τ2 = D(τ1 ),

q1 = θ (τ0 ),

q2 = θ (τ1 )q1 , . . .

...

τn = D(τn−1 ),
qn = θ (τn−1 )qn−1 ,

or
τn = D n (τ0 ),

qn =

n−1


θ (τk ).

k=0

For conforming data, let D be the function in remark 3.3. Given any point τ0 ∈ (0, r], the
non-negative sequence in [0, r] given by τn+1 = D(τn ), n  0, is monotone decreasing and
converges to 0 (see [1] or [11] for a proof). Note that τ1 = D(τ0 ) is continuous in τ0 and
so is τn = D n (τ0 ). Similarly, since θ is continuous, qn is a continuous function of τ0 ; also,
because θ < 1, qn is a monotone decreasing sequence. Finally, it is proven in [11] that
limn→∞ qn (τ0 ) = 0 uniformly for τ0 ∈ [0, r).
From the functional equation (3.9), it follows that
g(τk ) = g(D(τk−1 )) = θ (τk−1 )g(τk−1 ),
so by repeated use of the above formula for k = n, n − 1, . . . , 1, we obtain
g(τn ) = g(τ0 )

n−1


(3.12)

θ (τk ).

k=0

On the other hand, using the definition of derivative and g(0) = 0, we obtain
g(τn ) − g(0)
g(τn )
= lim
g  (0) = lim
·
(3.13)
n→∞
n→∞ τn
τn − 0
Substituting (3.12) into (3.13), we see that
n−1
θ (τk )
τn

g (0) = g(τ0 ) lim k=0
or
g(τ0 ) = g  (0) lim
· (3.14)
n→∞
n→∞ qn
τn
We have obtained the solution for the functional equation (3.9) for any τ0 > 0.
Formula (3.14b) can be rewritten as an infinite product, which is very useful for analysis
and numerical calculations. Let us define
τn
D(τn )
Rn = n−1
·
(3.15)
,
ρn =
θ (τn )τn
k=0 θ (τk )
Then,
Rn =

D(τn−1 )τn−1
n−2

θ (τn−1 )τn−1

k=0 θ (τk )

=

D(τn−1 )
Rn−1 = ρn−1 Rn−1 ,
θ (τn−1 )τn−1

(3.16)
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so that
g(τ0 ) = g  (0)

∞

D(τn )
θ (τn )τn
n=0

or

g(τ0 ) = g  (0)

∞


ρn .

(3.17)

n=0

Equation (3.17) is the basis of the algorithm for solving the functional equation. Of course,
we have not proven the convergence of (3.17): this point is addressed in the next section.
Once (3.17) is solved, from the definitions of g in (3.4) and  in (2.10), we obtain
λ(σ ) = g  (σ ).

(3.18)

Thus, once the function σ = g() has been found by means of equation (3.9), we determine
the filtration function λ(σ ) by differentiating g.
Remark 3.4. Note from (3.18) that g  (0) = λ(0). This value is determined from (2.20) as
follows:
g  (0) = λ(0) = −log(ce (0)/ci (0)).

(3.19)

The positivity requirement in assumption 2.2 is imposed so that (3.19) can be used to determine
λ(0).
3.3. Existence and uniqueness of the solution of the functional equation
In this section, we prove that the functional equation (3.9) is solved by equation (3.17), using
the results for the existence and uniqueness of the solution of (3.9) given in [12]. We assume
that the data ci (T ), ce (T ) satisfy assumption 3.1.
In practice, the values of the injected and effluent particle concentration are measured up
to the final time Tf . So, we solve equation (3.9) for τ in [0, r], where r = Ci (Tf ). Let us
consider the Banach space
G02 = {g ∈ C 2 [0, r], such that g(0) = 0}
with norm
g = sup {|g(x)|} + sup {|g  (x)|} + sup {|g  (x)|}.
x∈[0,r]

x∈[0,r]

x∈[0,r]

Theorem 3.5. Let D : [0, r] → [0, r) be a C 2 monotone increasing function, such that
D(0) = 0 and D(τ ) < τ in (0, r]. Let θ : [0, r] → (0, 1) be a C 2 function, satisfying
0 < θ (τ ) < 1 and [D  (0)]2 /θ (0) < 1. Furthermore, consider the functional equation (3.9)
on G02 , i.e.,
g(D(τ )) = θ (τ )g(τ )

for

τ ∈ (0, r).

Then the functional equation (3.9) has a solution g ∈ G02 , which is uniquely defined by the
value of g  (0).
Proof. For data satisfying assumption 3.1, remark 3.3 shows that 0 < θ (τ ) < 1 for τ  0.
Moreover, for conforming data, one verifies using (3.8) that D  (0) = θ (0), so the inequality
[D  (0)]2 /θ (0) = θ (0) < 1 is satisfied and D(τ ) < τ for τ > 0. Finally, D(τ ) and θ (τ ) are
C 2 functions because the functions ci and ce are C 2 .
The existence of a unique C 2 solution g of the functional equation (3.9) is guaranteed by
theorem 3.4.2 in [12]. The iterative formula presented in the previous section for the solution
of (3.9) is theorem 5.8 in [11].
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Remark 3.6. If the data do not conform to the model but the hypotheses of theorem 3.5 hold,
then the functional equation still has a unique solution g. However, there is no guarantee that
g  > 0.
Remark 3.7. If the solution g of the functional equation (3.9) has positive derivative, which
is not true for all input data, we can solve the direct problem (2.4)–(2.7) using the filtration
function λ(σ ) determined by (3.18) and find c(1, T ). One can verify, using the method
described here and theorem 3.5, that the corresponding effluent concentration function c(1, T )
coincides with the input data ce (T ) used in the recovery procedure.
We have proved the following:
Theorem 3.8. Consider the data ci (T ), ce (T ) satisfying assumption 3.1, such that D and θ
satisfy the hypotheses of theorem 3.5. Then there exists a unique g(τ ) ∈ C 1 . If g  > 0, then
λ(σ ) is uniquely defined and the problem (2.4)–(2.7) has a unique solution, which satisfies
c(1, T ) = ce (T ), i.e., those data conform to the model.
Remark 3.9. Conforming data certainly satisfy the hypotheses of theorem 3.8, with g  > 0.
Remark 3.10. More generally, it is possible to prove that given C m functions ci (T ), ce (T ),
the filtration function λ(σ ) is C m−1 .
Remark 3.11.
For constant injected concentration ci (z) = ci0 , (3.9) reduces to Julia’s
equation, which is studied in [12]:
g(D(τ )) = D  (τ )g(τ )

for

τ  0.

(3.20)

The recovery method outlined in [4] is based on the functional equation (3.20) and a
formula for its solution is obtained by an analogous iterative procedure. Here, the formula for
the solution g(τ ) of (3.9) was obtained for non-constant injected concentration ci (T ). The
derivation of the general case and Julia’s formula are the same, whereas the notation in Julia’s
case is less cumbersome; in fact, for Julia’s equation the formula (3.17) reduces to
g(τ0 ) = g  (0)

∞

D(τn )
,
D  (τn )τn
n=0

with D(τ ) = Ce (τ/ci0 ).

(3.21)

Remark 3.12. If λ(σ ) = 0 in [σ 0 , 1] (see section 2.2) and λ(σ ) > 0 in [0, σ 0 ), the procedure
described above can still be used prior to the time T 0 when σ (0, T 0 ) reaches σ 0 . It breaks
down completely if one tries to apply it to data for T  T 0 .
4. Regularity
In summary, the method for obtaining the filtration function in section 3 consists of the
following sequence of calculations:
{ci , ce } → {Ci , Ce } → {D, θ } → g → λ = g  ,
where ‘→’ represents a procedure to obtain output functions from the previous data. To obtain
numerical methods for calculating a regular approximate solution of the filtration function, we
must study the well-posedness of equations (3.2), (2.10) and (3.9).
Clearly, the functions Ci and Ce depend continuously on ci and ce , respectively. The
functions D and θ depend continuously on ci , ce as well. In [12], it was proved that the
solution of the functional equation (3.9) depends continuously on the functions D(τ ) and
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θ (τ ), so the solution g depends continuously on the functions ci and ce . If ci and ce are C m ,
then g ∈ C m . Continuous dependence of m derivatives of g is established under changes in ci
and ce measured in terms of the mth derivative. This is a consequence of many results given
in chapter 3 of [12]. A proof of regularity is found in the appendix.
The regularity of the numerical solution obtained by the recovery method requires that
the numerical differentiation of the solution g of (3.9) is performed in a stable way. We have
tested both cubic and quintic smoothing splines for numerical differentiation, but the solutions
obtained were not significantly different to justify the higher order approximation. Also, we
can expect that serious numerical instabilities arise when the filtration function values are very
small, as they appear in the denominator of (2.10) that defines .
5. Numerical results
In this section, the implementation of the numerical method for solving the functional equation
is described, along with the experiments we performed over real measurement data, their results
and brief discussion.
5.1. Implementation
We have implemented the product form presented in (3.21) (Julia’s equation), assuming that
ci (T ) is a constant ci0 . The algorithm takes this constant and a time series (T , ce (T )) as input.
We performed synthetic experiments by prescribing smooth monotone decreasing λ(σ ),
with ci constant and calculating ce (T ). When a fine temporal grid for ce (T ) was used, the
recovery procedure for λ(σ ) worked surprisingly well, yielding a recovered λ(σ ) that was
indistinguishable from the prescribed one. Short from the intrinsic truncation errors, the direct
and inverse problems yielded perfect matches in these synthetic experiments. We now describe
and present the results for experimental data obtained from [13].
Experimental data were filtered so that only the pairs with T  1 for which ce (T ) > 0 are
used. Ideally, the time value T0 of the first of these pairs is 1, but not in practice: in the four
real cases we studied, it was in the range [4.26, 7.75]. To provide for the missing datum ce (1)
and also to obtain a dense data set from the sparse points available, we have added arbitrarily
the point (T = 0, ce (0) = 0) to the data series and then we used cubic spline interpolation to
obtain a smooth, dense set which includes the point (1, ce (1)). As we pointed out in section 4,
the use of higher order (i.e., quintic) smoothing splines did not significantly improve the
solutions obtained.
The time series are not necessarily evenly spaced. Over this time grid we compute the
auxiliary quantity D(τ ), using standard trapezoidal integration. Next we compute the cubic
spline used to evaluate the function D(τ ), stored as a discrete series, and its derivative. Since
D(τ ) is the integral of ce (T ), we know its first derivative at the end points, and use it when
computing the spline coefficients.
We now proceed to the computation of g(τ ) as in (3.21). We create an evenly spaced
mesh for  in (2.10) covering the interval [0, Tf ], the whole span for which data are available.
Over this mesh, we compute the values of g iteratively as a truncated infinite product. The
criterion for truncation is the quotient τn /qn dropping to zero or its relative difference to
τn−1 /qn−1 becoming less than 10−4 . These values were determined through experimentation.
We decided to use an evenly spaced mesh for simplicity, as the computation of any g(τ0 )
requires the computation of g for many other values in the interval [0, τ0 ].
If the model (2.4)–(2.7) were a proper description of reality, g(τ ) would be nondecreasing and g  (τ ) = λ(σ ) would be non-negative; but using experimental data yielded
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Figure 3. The markers in (a) show the data series for which we solved the inverse problem.
The solid curves are the effluent concentrations calculated on the basis of the recovered filtration
functions (b).

non-monotonical g(τ ) profiles. We analysed six data sets from [13], and for four of those we
obtained good results working around the lack of monotonicity by removing the decreasing
intervals of g(τ ), forcing it to stay constant at the maximum at the left of each such interval.
Finally, we use g(τ ) to evaluate λ(σ ) as given in (3.18).
Figure 3 shows our primary results: in figure 3(a), we show as markers the original data
points of the series 3 through 6 we obtained from [13], and the preprocessed data are shown
as solid curves over the markers. For each of these data series, the corresponding λ(σ ) was
recovered; these are shown in figure 3(b). They are all different, as the physical situation was
different in each experimental series in [13]. Finally, the effluent profiles found by solving
the direct problems using each recovered λ(σ ) are shown as solid curves in figure 3(a) and
they coincide visually with the input data. The oscillations in the filtration functions are due
to insufficient smoothness of the data sets. Smoother data would yield smoother filtration
profiles.

5.2. The effect of extrapolating for missing data
Experimental data for the breakthrough concentration ce (1) are usually unavailable. This
difficulty arises from the small value of σ at breakthrough and from diffusive effects. The
value of ce (1) is a key scaling factor for the whole procedure, so the influence of this value
over the procedure was tested in the second experiment. We repeated the previous runs using
the same data processing as in section 5.1, but now setting ce (1) = ce (T0 ), where T0 > 1
is the actual time value of the first data point available where ce > 0. Except near T = 1,
the resulting effluent concentration data series are identical to those used previously. As can
be seen in figure 4, the filtration functions recovered from these series are very similar to the
previous ones, except for very low σ values, i.e., changes in ce (1) affected mostly values of
λ in the neighbourhood of σ = 0, as expected. For higher σ values, there is little change in
the effluent profiles produced using the filtration functions recovered through the functional
equation, despite the unavailability of the ce (1) datum. One can set the value of ce (1) quite
arbitrarily without affecting the shape of the filtration function for higher σ values.
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Figure 4. (a) The filtration coefficients obtained from the series where the value of ce (1) was
imposed. (b) Same as figure 3(b). Comparing both figures, note the difference for low σ and the
similarity of the profiles as σ increases.
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Figure 5. Third experiment. Same as in figure 3, but using linear interpolation when preprocessing
the effluent profile data.

5.3. The impact of data smoothing
In our next experiment, we used a fine mesh and linear interpolation before smoothing the
data with the cubic splines, so as to preserve their sharp edges. The results are analogous to
those of the first experiment. Figure 5(a) shows the input data, which are the same data from
section 5.1, but with different preprocessing—compare with figure 3(a). Figure 5(b) shows
the filtration functions recovered from these data. Once again, solving the direct problems
with the recovered filtrations reproduces the input data with great accuracy, so they coincide
visually with the input data shown in figure 5(a). Note the filtration functions show the same
oscillating nature, however more edgy. The oscillations are therefore due to higher values of
the low-order derivatives of the curves implied by the data series.
5.4. The effect of data preprocessing
As long as g  is sufficiently positive, the solution of the direct problem using the filtration
function recovered with this procedure yields the input data series exactly, accounting for all its
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Figure 6. Exact recovery obtained using the functional equation over smooth approximation of
the actual data.

irregularities. However, because of experimental error, it is common practice in engineering
to preprocess the data and replace them with smooth curves that do not necessarily pass
through the experimental points; usually some sort of least-squares approximation is used.
Figure 6(a) shows smooth profiles obtained from the data points using a preprocessing method
described in a forthcoming work; applying the algorithm described here to these profiles
yielded the extremely smooth filtration functions shown in figure 6(b), which look much
more reasonable than those in figure 4(b). We calculated the effluent concentrations using
these filtrations and plotted them over the input data in figure 6(a); once again, they coincide
visually.
6. Conclusion
The method described here reduces the inverse problem of recovering the empirical filtration
coefficient from measurements of effluent concentration to solving a functional equation.
Taking smooth experimental data functions we obtain a nice inverse problem, with a unique
solution. We presented a stable numerical method which, short of numerical errors, provides
perfect matching between prescribed and predicted data, both for synthetic and for conforming
experimental data. As long as the effluent concentration is sufficiently smaller than the injected
concentration, the method is not unduly impaired by the lack of the breakthrough data on which
the calculations rely and maintains consistency with the raw data through different filtering
approaches at the preprocessing stage. The quality of the recovered filtration functions depends
heavily on the type of preprocessing done, and good preprocessing methods should be further
investigated.
Alternatively, experimental research to determine typical forms or parametrizations for
the filtration function in physical situations that conform to the model could presumably
eliminate the need for preprocessing. In chapter 4 of [12], it is shown that if ci and ce are
locally analytic, i.e., if they have convergent power series, then so is g and therefore λ. This
fact provides a motivation for parametrizing analytic expressions for the filtration function and
utilizing a least-squares method to obtain values of the parameters that best fit the data. If this
approach turns out to yield better numerical procedures for solving the inverse problem than
the one described here, the value of this work is to show that, under well-defined mathematical
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assumptions, this inverse problem has a unique regular solution, hence it makes sense to look
for it.
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Appendix. Stability
In order to avoid cumbersome notation, rather than studying the complete functional
equation (3.9), we present here a proof for Julia’s equation (3.20). First, we prove that the
solution of (3.20) and its derivative belong to a certain class of uniformly bounded functions.
A.1. Regularity
Theorem A.1. Let D(τ ) ∈ [0, b] be a real non-negative function with continuous derivative,
possessing continuous D  derivative near 0 and satisfying
0 < D  (τ ) < d < 1

0  D(τ ) < τ,
D(0) = 0

and

for

0  τ  b;



D (0) = 0,

(A.1)

where d is a constant.
Let F be the set of functions satisfying the condition (A.1) for which there exists a constant
d1 such that
D  (τ ) − 2D  (τ )
< d1 ,
D  (0)

for all

τ ∈ [0, b].

Let us take the class of solutions G of the functional equation (3.9) such that g(0) =
0, g  (0) = 0 and g  (0) < d2 uniformly. Then the solution g of the functional equation (3.9)
for D ∈ F is uniformly bounded by d2 e1/(1−d) , and g  is uniformly bounded by d1 d2 e1/(1−d) .
Proof.
A necessary and sufficient condition for the existence of the infinite product in
equation (3.17) is obtained by taking its logarithm; if the series of logarithms below converges,
then the infinite product (3.17) exists:
∞

∞

log ρn =
n=0

log
n=0

D(τn )
.
D  (τn )τn

(A.2)

We recall that lim τn = 0, D  is uniformly continuous near 0 and D  (0) = 0 from condition
(A.1); then,
ρn =

D(τn )
=
D  (τn )τn

1
0

D  (τn ξ ) dξ
,
D  (τn )

so

lim ρn =

1
0

D  (0) dξ
= 1.
D  (0)
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We know that lim τn = 0 monotonically, thus there exists an N large enough so that for all
n > N we can use Taylor’s formula in an interval (0, τn ) where D  exists. Since D(0) = 0,
we obtain
τ2
where 0 < ξn < τn
D(τn ) = τn D  (0) + n D  (ξn )
2
and
D  (τn ) = D  (0) + τn D  (ηn )


where

0 < ηn < τn .

(A.3)



Note that to divide by D (τn ), we need D (0) = 0; so, from equations (A.3)
ρn =

D(τn )
(D  (0) + (τn /2)D  (ξn ))τn
1 + (τn /2)(D  (ξn )/D  (0))
=
=
.
D  (τn )τn
(D  (0) + τn D  (ηn ))τn
1 + τn (D  (ηn )/D  (0))

By further increasing N, using the continuity of D  at zero and D  = 0, we can ensure that
|τn D  (ηn )|D  (0) < 1, so that
 
D  (ξn )/2 − D  (ηn )
+ O τn2 .
ρn = 1 − τn

D (0)
Using that log(1 + x) = x + O(x 2 ),
log ρn = log

(D  (ξn )/2 − D  (ηn ))
D(τn )
∼
·
= −τn

D (τn )τn
D  (0)

Thus,
−τn (D  (ξn )/2 − D  (ηn ))/D  (0)
log(D(τn )/D  (τn )τn )
log ρn
∼
=
. (A.4)
=
log ρn−1
log(D(τn−1 )/D  (τn−1 )τn−1 )
−τn−1 (D  (ξn−1 )/2 − D  (ηn−1 ))/D  (0)
In (A.4), we use the fact that D  (0) = 0 and that D  is continuous at zero to say that
lim

log ρn
τn
D(τn−1 ) − 0
= D  (0) < 1.
= lim
= lim
log ρn−1
τn−1
τn−1 − 0

(A.5)

From equation (A.1) and by the ratio criterion, this series is convergent.
Let d be the real number in (A.1). From (A.5), it follows that by further increasing N, for
all n  N, we have | log ρn |  Ad n for some positive A; thus, the series (A.3) is absolutely
uniformly convergent, because for all n  N it is bounded by a convergent geometric series,
and all terms are uniformly bounded for n  N − 1. Thus, the series converges to a
continuous function. Now, if τn is a point where D  is continuous and D  is continuous at τn ,
D −1 (τn ), D −2 (τn ), . . . , τ0 :


n

d
d
dτn
dτn
log ρn =
log ρn (τn )
,
where
=
D  (τn−k )
(A.6)
dτ0
dτn
dτ0
dτ0
k=0
is continuous at τ0 and dτdn log ρn (τn ) is continuous at τn from equation (3.15b).
We still have to show that the series with general term (A.6) is absolutely uniformly
convergent near τ0 . But this is easy because, when n → ∞, from lim τn = 0 it follows that
lim D  (τn ) = D  (0) and lim D  (τn ) = D  (0). In fact, from (A.4), since D  is continuous at
0 and D  (0) = 0, lim dτdn log ρn (τn ) = (D  (0)/2 − D  (0))/D  (0). Note that τn−k < τ0 and
the function D is monotone increasing, so that from (A.6) we obtain
dτn
< (D  (τ0 ))n .
dτ0
Since D  (τ ) < d < 1 for τ  0, the series of the absolute values of the derivatives is
uniformly bounded by a convergent geometric series. Thus the derivative is a continuous
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function, represented by the series of the derivatives. Now that we know that the series is
convergent, one verifies that the functional equation is satisfied.

Remark A.2. Since g  (0) = λ(0), taking uniformly bounded effluent particle concentration,
we obtain that the corresponding solution g of the functional equation (3.20) satisfies
g  (0) < d2 uniformly for certain d2 . Therefore, the class of solutions G in theorem A.1
is not empty.
Remark A.3. Consider the functional equation (3.20) with D satisfying the hypotheses of
theorem A.1. Then if D is real analytic, the corresponding solution g is real analytic.
A.2. Stability
Now we prove that our numerical solution of Julia’s equation (3.20) depends continuously on
the effluent concentration particle history ce (t). We consider the functions D defined on [0, b]
satisfying the condition (A.1). Taking s = D(τ ), equation (3.9) can be rewritten as
g(s) = D  (D −1 (s))g(D −1 (s)).

(A.7)

We consider the effluent particle concentration ce (t) in the subset
M3 = {ce ∈ C 2 [0, A] : 0 < r1 < ce (z)  r2 , ce (z) = 0}

for certain constants r1 , r2 > 0.
Given ce in M3 , the function Ce defined in (3.2b) depends continuously on ce , so the
following lemma holds:
Lemma A.4. Given ce1 , ce2 in M3 , let us define Ce1 , Ce2 as in (3.2b). Then the following
inequality is valid:
Ce1 − Ce2

∞

 A ce1 − ce2

∞.

Now, we verify the validity of the following lemma.
1
2
and ci0
be constant inlet particle concentrations
Lemma A.5. Given ce1 and ce2 in M3 , let ci0
such that the functions




1
2
,
D2 (z) ≡ Ce2 z ci0
(A.8)
D1 (z) ≡ Ce1 z ci0

satisfy condition (A.1) and denote by g1 , g2 the solutions of equation (3.9) in G corresponding
to D1 and D2 given in (A.8). Then there exist constants v1 and v2 that do not depend on
1
2
, and ci0
, such that
g1 , g2 , ce1 , ce2 , ci0


(A.9)
g1 − g2 ∞  v1 ce1 − ce2 ∞ + v2 c1 − c2 .
i0

i0

Proof. We use the notation
g1 − g 2

∞

=

sup
s∈[0,D −1 (b)]

|g1 (s) − g2 (s)|.

Now, using (A.7) we obtain

 

 

 

|g1 (s) − g2 (s)| = D1 D1−1 (s) g1 D1−1 (s) − D2 D2−1 (s) g2 D2−1 (s) .

Taking
N1 = max{ g1

∞,

g2

∞ },

N2 = max{ D1

the following inequality is valid:
|g1 (s) − g2 (s)|  N1 D1 − D2

∞

∞,

D2

∞ },

 



+ N2 g2 D1−1 (s) − g2 D2−1 (s) .
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Moreover, using Taylor’s formula with Lagrange’s remainder we obtain


|g1 (s) − g2 (s)|  N1 D  − D  ∞ + N2 |(g2 ) (ζ )D −1 (s) − D −1 (s),
1

2

1

2

D1−1 (s), D2−1 (s)

where ζ ∈
.
More generally, it is true that
|g1 (s) − g2 (s)|  N1 D1 − D2


Taking N3 = 1
from lemma A.4

1 2
ci0
ci0



max{ ce1

∞,

ce2

∞ },

∞

+ N2 |(g2 ) (ζ )| sup |D1 (τ ) − D2 (τ )|.

we obtain

sup |D1 (τ ) − D2 (τ )|  A ce1 − ce2

τ ∈[0,b]

τ ∈[0,b]

D1

− D2

∞

 1

2 
, and
 N3 ci0
− ci0

∞.

Finally, from theorem A.1 the solutions g of (3.9) and its derivative g  are uniformly bounded.
1
2
, ci0
are uniformly bounded, there exist constants
Moreover, since ce1 , ce2 belong to M3 and ci0
1
2
and ci0
such that inequality (A.9) holds.
v1 and v2 that do not depend on g1 , g2 , ce1 , ce2 , ci0

Since λ = g  , the stability of the filtration function λ with respect to ce and ci0 depends on
the stability estimates for the differentiation process. It is well known that the problem of
numerical differentiation is ill-posed, in the sense that small perturbations of the function to
be differentiated may lead to large errors in the derivative computed. In [16, 17], there are
stability results and practical recommendations on stable differentiation under the assumption
that the second derivative of the function to be differentiated is continuous. Thus, we can
apply these results taking ce ∈ C 2 such that the solution g of Julia’s equation belongs to C 2
(see [12]).
Now, we obtain a stability estimate for the filtration function with respect to the effluent
and inlet concentrations ce and ci0 assuming that the differentiation process is well-posed in
Tikhonov’s sense (see [19, 20]): we use the fact that the differentiation process is equivalent
to solving the integral equation of the first kind
 τ
λ(s) ds.
g(τ ) = A(λ)(τ ) =
0

To obtain the Tikhonov solution, it is necessary to restrict the operator A to an appropriate class
of functions that guarantees existence, uniqueness and stability. In [20], it is shown that, by
restricting the operator A : X → Y to some bounded subset S ⊂ H 1 [0, r], the differentiation
operation becomes continuous in A(S). The proof consists of a straightforward application of
the following lemmas:
Lemma A.6. Any bounded subset of H 1 [0, r] is sequentially compact in the Banach spaces
C[0, r], i.e., spaces of continuous functions with the uniform norm.
Lemma A.7. The limit in C[0, r] of any sequence of functions that is uniformly bounded in
H 1 [0, r] is in H 1 [0, r].
Lemma A.8. For any bounded set S ⊂ H 1 [0, r], the operation of differentiation is continuous
in L2 [0, r] on the set A(S).
Under the same hypotheses as in lemma A.5 and taking S = {λ ∈ C 1 [0, r] : λ ∞  k1 },
for some positive constant k1 , we obtain that there exists a constant v3 that does not depend
on λ1 = g1 and λ2 = g2 such that λ1 − λ2 H 1 [0,1]  v3 g1 − g2 ∞ . Finally, applying
lemma A.5 we obtain that


λ1 − λ2 H 1 [0,1]  v3 v1 ce1 − ce2 ∞ + v3 v2 c1 − c2 .
i0

i0
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